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Abstract When ocean waves propagate over the sea floor,
dynamic wave pressures and bottom shear stresses exert on
the surface of seabed. The bottom shear stresses provide
a horizontal loading in the wave-seabed interaction system,
while dynamic wave pressures provide a vertical loading in
the system. However, the bottom shear stresses have been ig-
nored in most previous studies in the past. In this study, the
effects of the bottom shear stresses on the dynamic response
in a seabed of finite thickness under wave loading will be
examined, based on Biot’s dynamic poro-elastic theory. In
the model, an “u–p” approximation will be adopted instead
of quasi-static model that have been used in most previous
studies. Numerical results indicate that the bottom shear
stresses has certain influences on the wave-induced seabed
dynamic response. Furthermore, wave and soil characteris-
tics have considerable influences on the relative difference of
seabed response between the previous model (without shear
stresses) and the present model (with shear stresses). As
shown in the parametric study, the relative differences be-
tween two models could up to 10% ofp0, depending on the
amplitude of bottom shear stresses.
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1 Introduction

The evaluation of the wave-induced dynamic response in a
porous seabed is particularly important for coastal geotech-
nical engineers involved in the design of the foundations of
marine structures. An inappropriate design and maintenance
of the foundation around a marine structure would result in
the disastrous failure of structures. Numerous failures of
marine structures due to the liquefaction or shear failure of
seabed have been reported in Refs. [1–5].

Based on Biot’s poro-elastic theory [6,7], numerous
investigations of the wave-induced dynamic response of a
porous seabed under wave loading have been carried out
since the 1970s. Among these, Yamamoto et al. [8] de-
rived an analytical solution for an isotropic, poro-elastic
infinite seabed by treating the pore water and seabed as
compressible and deformable medium. Later, Hsu and
Jeng [9] further derived an analytical solution for an unsat-
urated, isotropic seabed with finite thickness under three-
dimensional short-crested waves loading. Such a model
has been further extended to a layered seabed [10], non-
homogeneous seabed such as variable permeability and shear
modulus [11–13], cross-anisotropic seabed [14] or non-
linear wave loading [15]. A detailed review of previous rel-
evant research can be found in Ref. [16]. More recenly, an-
other analytical approximation, transmission and reflection
matrices (TRM), was proposed to handle the multi-layered
porous seabed due to wave loading [17].

To simplify the problem of wave-seabed interaction,
most previous investigations considered the dynamic wave
pressures along the seabed surface as the only external load-
ing, and ignored the bottom shear stresses which are hori-
zontal external loading. Sakai et al. [18] may have been the
first to consider the bottom shear stresses in the problem of
the wave-seabed interaction, based on a boundary layer ap-
proximation. In their model, the bottom shear stresses are as-
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sumed having the same phase with the ocean waves, which in
fact has a 45◦ phase lag, according to the boundary layer the-
ory [19]. Therefore, the Sakai’s results are doubtful. Later,
Jeng [20] derived a simple analytical solution for the wave-
induced soil response with the correct phase of bottom shear
stresses, but only limited to infinite seabed and quasi-static
Biot’s consolidation theory.

It is noted that most existing porous models for the
wave-induced soil response have been limited to quasi-static
soil model. That is, the acceleration of soil particles and
pore fluid have been ignored. If the acceleration of pore
fluid and solid particles are taken into account, a so-called
“u–p” approximation was proposed [21]. The ranges of ap-
plications of the quasi-static, “u–p” approximation and full
dynamic models versus different wave and soil characteris-
tics have been discussed and clarified in the recent publica-
tions [22,23]. However, the effect of bottom shear stresses
on the dynamic response under wave loading have not been
considered, although it is expected to have certain influences
in the evaluation of the wave-induced seabed response.

In this study, the existing finite element model
(SWANDYNE II), originally developed for earthquake load-
ing [24,25], will be implemented for wave loading with
bottom shear stresses, and integrated into the PORO-
WSSI (porous model for wave-seabed-structure interactions)
model [26]. The bottom shear stresses along the seabed sur-
face are included in the existing poro-elastic model as a hor-
izontal loading, together with the dynamic wave pressures
as the vertical loading. The dynamic Biot’s poro-elastic the-
ory [7], instead of the conventional quasi-static Biot’s con-
solidation equations [20], are adopted in this study. With
this new model, the influences of bottom shear stresses on
the wave-induced pore pressure are also examined through a
parametric study.

2 Boundary value problem

2.1 Wave field

Based on the second-order Stokes wave theory, the free sur-
face elevation (η) and dynamic pressure acting on seabed
(Pb) can be expressed as

η(x, t) =
H
2

cos(kx− ωt) +
πH2

8L

×
cosh(kd)[2 + cosh(2kd)]

sinh3(kd)
cos 2(kx− ωt), (1)

Pb(x, t) =
ρgH

2 cosh(kd)
cos(kx− ωt) +

3πρgH2

8L

×
tanh(kd)

sinh2(kd)

[ 1

sinh2(kd)
−

1
3

]
cos 2(kx− ωt), (2)

whereH is the wave height,ω = 2π/T is the angular fre-
quency andT is the wave period,d is the water depth andk

is the wave number. The wave dispersion relation is given as

ω2 = gktanh(kd). (3)

With the second-order Stokes wave theory, the bottom
shear stress can be derived from the boundary layer theory
up the second-order, which can be expressed as [27]

τb(x, t) = −
β2ρν

δ
+

√
2β0ρνkH

2δ
cos
(
kx− ωt −

π

4

)
+

4ρν
δ

[ka2β1 + (1−
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2)β4] cos 2
(
kx−ωt −

π

8

)
, (4)

whereρ is fluid density,ν is the kinematic viscosity of wa-
ter, δ =

√
2ν/ω, ω is the angular frequency of wave. Theβi

coefficients (i = 0,1,2) are defined as

β0 =
ω

ksinh(kd)
, (5)

β1 =
3ω

8 sinh4(kd)
, (6)

β2 =
k3a2β2

0

4ω
. (7)

It is noted that Eqs. (2) and (4) represent the second-
order solution of dynamic wave pressure and bottom shear
stresses. For the linear wave theory, only the first term is
required.

2.2 Governing equations

In this study, the seabed soil is considered as a porous
medium comprised of soil particles and pore water. The
Biot’s poro-elastic theory [7] is commonly used to describe
the mechanical behaviour of porous medium. Herein, the
“u–p” approximation [21] for dynamic problems is adopted,
in which the accelerations of the solid and pore fluid are con-
sidered. The forces equilibrium and the continuity equations
are expressed as

∂σ′x
∂x
+
∂τxz

∂z
= −
∂p
∂x
+ ρ
∂2u
∂t2
, (8)

∂τxz

∂x
+
∂σ′z
∂z
+ ρg = −

∂p
∂z
+ ρ
∂2w
∂t2
, (9)

k∇2p− γwnβ
∂p
∂t
+ kρf

∂2ε

∂t2
= γw

∂ε

∂t
, (10)

whereu andw are the soil displacements in the horizontal
and vertical directions, respectively;n is soil porosity;σ′x
andσ′z are effective normal stresses in the horizontal and ver-
tical directions, respectively;τxz is shear stress;p is the pore
water pressure;ρ = ρf n+ ρs(1− n) is the average density of
porous seabed;ρf is the fluid density;ρs is solid density;k
is the Darcy’s permeability;g is the gravitational accelera-
tion andε is the volumetric strain.kw is the wave number. In
Eq. (10), the compressibility of pore fluid (β) and the volume
strain (ε) are defined as
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β =
( 1
Kf
+

1− Sr

pw0

)
,

ε =
∂u
∂x
+
∂w
∂z
,

(11)

whereSr is the degree of saturation of seabed,pw0 is the
absolute static pressure andKf is the bulk modulus of pore
water.

In this study, poro-elastic soil behavior is considered as
the first approximation, the stress–strain relation under plane
strain conditions can be expressed as

σ′x = 2G
(
∂u
∂x
+
µε

1− 2µ

)
, (12)

σ′z = 2G
(
∂w
∂z
+
µε

1− 2µ

)
, (13)

τxz = G
(
∂u
∂z
+
∂w
∂x

)
, (14)

whereG is shear modulus;µ is Poisson’s ratio.

Substituting Eqs. (12)–(14) into Eqs. (8) and (9), we
have the expressions of force equilibrium as

G∇2u+
G

1− 2µ
∂ε

∂x
= −
∂p
∂x
+ ρ
∂2u
∂t2
, (15)

G∇2w+
G

1− 2µ
∂ε

∂z
+ ρg = −

∂p
∂z
+ ρ
∂2w
∂t2
. (16)

2.3 Boundary conditions

In this study, the dynamic wave pressures are adopted to ap-
ply the vertical loading, while the bottom shear stresses are
the horizontal loading (Fig. 1). To solve the pore pressures
and soil displacements in the governing equations (10), (15)
and (16), appropriate boundary conditions are required.

It has been well-documented from that there is a 45◦

phase lag for the bottom shear stresses relative to the dy-
namic pressure acting on the seabed [19]. Then, the bound-
ary condition at the surface of the seabed can be expressed
as

p = Pb(x, t), at z= 0, (17)

τxz = τb(x, t), at z= 0, (18)

σ′z = 0, at z= 0, (19)

whereγw is the unit weight of water, andPb andτb are the
dynamic wave pressures and bottom shear stresses, in which
both linear and non-linear wave loadings can be considered.

Since the bottom boundary of the seabed is a rigid im-
permeable, the pore fluid can not enter the boundary and soil
displacements will vanish, i.e.

u = v = 0,
∂p
∂n
= 0, at z= −h. (20)

Fig. 1 The sketch of dynamic pressure and bottom shear stress act-
ing on seabed when wave propagating over a porous seabed. The
upward pressure is negative dynamic pressure. The leftward bottom
shear stress is negative dynamic shear stress

In general, the periodic boundary conditions should be
applied to the both lateral sides of computational domain due
to that the computational domain is truncated from infinite
(in the horizontal direction) seabed [28]. In the wave-seabed
interaction poblem, the wave applied is periodic. Therefore,
the horizontal and vertical displacement, and pore pressure
at corresponding nodes on the two lateral sides exactly equal
to each other at any time. However, the periodic boundary
condition requires that the length of computational domain
must be integer of the length of wave applied. This require-
ment may cause that different mesh systems have to be used
in numerical calculation from cases to cases. In this study, a
large computational domain is used, and the two lateral sides
both are fixed in horizontal direction, the repetitive works
of generation of mesh systems for different cases could then
be avoided; because the influences of the two fixed lateral
boundaries on the seabed response are only significant in the
regions near them. The influences of the fixed lateral bound-
ary conditions will disappear in the region far away from the
two lateral boundaries. The feasibility and the accuracy of
numerical results for adopting a large computational domain
and fixed lateral boundary conditions will be further demon-
strated in Sect. 3.2.

3 Numerical model

3.1 Finite element formulations

In this study, the finite element model (SWANDYNE II),
originally developed for the soil response under earthquake
loading [24], is adopted and a wave module with bottom
shear stresses is developed and the integrated into the previ-
ous porous model (PORO–WSSI I) to form the PORO-WSSI
(shear) model. In this section, the FEM formulations are out-
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lined. For more detailed information, the readers can refer to
Ref. [25].

The spatial discretization involves the variablesu and
p are replaced by suitable shape functions in the governing
equations (10), (15) and (16).

u =
∑

Nu
i ui = Nuū, p=

∑
Np

i pi = Np p̄, (21)

whereu and p are the displacement vector of soil and the
pore pressure. Thēu and p̄ are the vectors of node displace-
ment and pore pressure. TheNu andNp are the shape func-
tion of displacement and pore pressure. Theū, p̄, Nu andNp

are defined as

ū = [u1 w1 u2 w2 · · · un wn]T, (22)

p̄= [p1 p2 · · · pn]T, (23)

Nu =

 Nu
1 0 Nu

2 0 · · · Nu
n 0

0 Nu
1 0 Nu

2 · · · 0 Nu
n

 , (24)

Np = [Np
1 Np

2 · · · Np
n ]. (25)

Substituting Eqs. (21) into the governing equations
(10), (15) and (16), and applying the minimum potential en-
ergy principle, the governing equations can be discretized in
spatial domain as

M ¨̄u + Kū −Qp̄= f (1), (26)

QT ˙̄u + S ˙̄p+ H p̄= f (2), (27)

M =
∫

(Nu)TρNudΩ, (28)

K =
∫

BT DBdΩ, (29)

Q =
∫

BTmNpdΩ, (30)

S=
∫

(Np)nβNpdΩ, (31)

H =
∫

(∇Np)Tk∇NpdΩ, (32)

∇ =


∂

∂x
∂

∂z

 , (33)

B =



∂

∂x
0

0
∂

∂z
∂

∂z
∂

∂x


Nu, (34)

D =
E

(1+ µ)(1− 2µ)


1− µ µ 0

µ 1− µ 0

0 0 (1− 2µ)/2

 , (35)

f (1) =

∫
(Nu)TρgdΩ +

∫
(Nu)T t̄dΓ, (36)

f (2) = −

∫
(Np)T

∇
T(kρf g)dΩ +

∫
(Np)T q̄dΓ, (37)

wherem = [1,1,1,0,0,0]T, t̄ is the stress acting on the sur-
face of computational domain,̄q is the pore water pressure
on the surface of computational domain.

To complete the numerical solution, it is necessary to
integrate the ordinary differential equations (26) and (27) in
time domain. In the present model, the single-step General-
ized Newmark (GNp j) method [29,30] is employed. Using
GN22 for the nodal displacements̄u, andGN11 for the nodal
pore pressurēp, the displacement, velocity and acceleration
of nodes are written as

¨̄un+1 = ¨̄un + ∆ ˙̄un, (38)

˙̄un+1 = ˙̄un + ¨̄un∆t + β∗1∆ ¨̄un∆t, (39)

ūn+1 = ūn + ˙̄un∆t +
1
2

¨̄un∆t2 +
1
2
β∗2∆

¨̄un∆t2, (40)

and the rate of pore pressure and the pore pressure are ex-
pressed as

˙̄pn+1 = ˙̄pn + ∆ ˙̄pn, (41)

p̄n+1 = p̄n + ˙̄pn∆t + θ∗1∆ ˙̄pn∆t. (42)

In the above schemes, if the parametersβ∗1, β∗2 andθ∗1
satisfy following condition

β∗2 ≥ β
∗
1 ≥

1
2
, θ∗1 ≥

1
2
, (43)

then, theGNp j time integration scheme will be unconditional
stable [24,25]. In this study, three parameters are choosen
as: β∗2 = 0.605, β∗1 = 0.6 andθ∗1 = 0.6, as suggested by
Chan [24].

Substituting Eqs. (38)–(42) into Eqs. (26) and (27),
leads to Mn+1 +

1
2

Kn+1β
∗
2∆t2 −Qn+1θ1∆t

QT
n+1β

∗
1∆t Sn+1 + Hn+1β

∗
1∆t


 ∆ ¨̄un

∆ ˙̄pn


=

 F(1)
n+1

F(2)
n+1

 , (44)

where theF(1)
n+1 andF(2)

n+1 are formulated as

F(1)
n+1 = f (1)

n+1 +Qn+1 p̄n +Qn+1
˙̄pn∆t − Mn+1 ¨̄un

−Kn+1

(
ūn + ˙̄un∆t +

1
2

¨̄un∆t2
)
, (45)

F(2)
n+1 = f (2)

n+1 − Sn+1 ˙̄pn − Hn+1( p̄n + ˙̄pn∆t)

−Qn+1( ˙̄un + ¨̄un∆t). (46)

In Eq. (44), the unknowns are∆ ¨̄un and∆ ˙̄pn. At n + 1
time step. They can be determined by solving Eq. (44) tak-
ing the values determined atn time step as the initial condi-
tions. In this study, the Newton–Raphson method is adopted
to solve Eq. (44). Once the incremental acceleration∆ ¨̄un

and incremental rate of pore pressure∆ ˙̄pn are determined,
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the displacement of soil and pore pressure can be accord-
ingly obtained by applying Eqs. (40) and (42).

3.2 Treatments of lateral boundaries

As stated previously, in this study, a large computational do-
main is used, and the two lateral boundaries are fixed in hor-
izontal direction. According to the Saint-Venant principle,
the influence of the fixed lateral boundaries is only limited to
the region near the lateral boundaries. In the region far away
from the lateral boundaries, the influence of the fixed lateral
boundaries will disappear. In this section, the feasibility and
the accuracy of the numerical results in the region far away
from the fixed lateral boundaries are demonstrated.

In general, a larger computational domain will reduce
the effect of the fixed lateral boundaries. However, a large
computation domain will cost more CPU running time and
require larger memory. Therefore, in this study, the length
of computation domain is chosen as 1.5 to 3.0 times of the
maximum wave length adopted in all cases. A numerical
example, with the input data (Table 1) and mesh (Fig.2), is
illustrated in Fig. 3. In the numerical example, we consider a
computational domain of 250 m long that is about 2.8 times
of the wavelength (88.8 m). The results of applying the prin-
ciple of repeatability [28] are also included for the compari-
son.

Table 1 Wave and soil characteristics used in numerical examples

Characteristics

Wave

Wave periodT 8.0 s

Wave heightHs 2.0 m

Water depthd 20 m

Wave lengthL 88.8 m

Soil

Permeabilityk 10 mm/s (coarse sand)

0.1 mm/s (fine sand)

Porosityn 0.3 (coarse sand)

0.2 (fine sand)

Shear modulusG 10 MPa

Poisson’s ratioµ 1/3

SaturationSr 0.98

Thicknessh 30 m

Fig. 2 Two lateral sides are fixed in horizontal direction in the mesh
system used in this study

In this numerical example, three sections,x = 50 m,
125 m and 200 m are considered. To simplify the problem,
linear wave theory is considered in this example. The sec-
tions of x = 50 m and 200 m are close to the lateral bound-
aries, while the section (x = 125 m) is far from both lat-
eral boundaries. Two treatments of lateral boundary condi-
tions are used here. First, the principle of repeatability [28]
is used, and second, the fixed lateral boundary conditions
are used. As shown in Figs. 3a and 3c, different treat-
ments seem to slightly affect the results of pore pressure, and
vertical effective stress only. However, the horizontal effec-
tive stress and shear stress are significantly different between
two treatments. This indicates that the effects of a fixed lat-
eral boundary are visible at these two sections. Figure 3b
presents the comparison of the seabed response at the central
section (x = 125 m). The figure clearly shows that the effect
of the fixed lateral boundaries disappears completely at the
region far away from the fixed lateral boundaries.

Based on the above numerical exercises, it can be con-
cluded that the proposed treatment method for lateral bound-
aries is acceptable for the region near the center of computa-
tional domain. Therefore, the same mesh system is used for
all cases in which different wave lengths are involved is fea-
sible, and the accurate results could be obtained at the region
far away from the fixed lateral boundaries, where is our main
investigation zone.

3.3 Verifications

The finite element model, SWANDYNE II, was originally
developed for investigating the earthquake-induced liquefac-
tion in a saturated or unsaturated porous medium. To in-
vestigate the effect of bottom shear stresses on the wave-
induced seabed response, a wave module is developed and
integrated into the existing PORO-WSSI model and forms
PORO-WSSI (shear) model. To verify the proposed numeri-
cal model, the model will compare with the previous analyt-
ical solution [9] and two sets of experimental data conducted
by Lu [31].

3.3.1 Comparison with the analytical solution

Numerical results of the maximum values of wave-induced
pore pressure and effective stresses in unsaturated coarse/fine
sand (the degree of saturation is 98%) are shown in Fig. 4.
The results of the analytical solution with linear wave load-
ing but without bottom shear stresses [9] are also plotted in
the figure. From Figs. 4a and 4b, it is found that the numeri-
cal solutions overall agree well with analytical solution. The
minor differences between two models is because that the an-
alytical solution was based on quasi-static soil behavior and
the present model is based on “u–p” approximation.
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Fig. 3 Comparison of the seabed response with two different treatments of lateral boundary conditions.a x = 50 m;b x = 125 m;
c x = 200 m. (k = 0.01 m/s,T = 8.0 s,d = 20 m,L = 88.8 m,G = 10 MPa,µ = 1/3, n = 0.3, Sr = 0.98,U0 = 0 m/s)

Fig. 4 Vertical distribution of the wave-induced soil response ina coarse sand andb fine sand (T = 8.0 s, d = 20 m, L = 88.8 m,
G = 10 MPa,µ = 1/3, n = 0.2, Sr = 0.98)

3.3.2 Comparison with the experimental data

Lu [31] conducted a series of lab experiments about the dy-
namic response of sand bed to the waves propagating on it in
a wave flume which is 60 m long, 1.5 m wide and 1.8 m high

(Fig. 5a). The waves generated in the wave flume include
regular waves and cnoidal waves. The sand bed is consisted
of coarse sand. The pore pressure at the four points on the
midline of sand bed are monitored in experiments.
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Fig. 5 aThe experimental setup in Lu’s tests [31];b Comparisons of wave-induced dynamic pore pressure on the midline of sand bed

The properties of coarse sand provided by Lu [31] are:
shear modulusG = 10 MPa, Possion’s ratioµ = 0.3, perme-
ability k = 1 mm/s, porosityn = 0.389 3, the mean size of
sand particlesd50 = 0.44 mm and saturationSr = 98%. The
wave characteristics of the regular wave and cnoidal wave
are H = 12 cm, d = 0.4 m, T = 1.2 s andH = 12 cm,
d = 0.3 m,T = 2.0 s.

The comparisons of the regular wave induced dynamic
pore pressure at the four points on the midline of sand bed
between the numerical results and the experimental data are
shown in Fig. 5b. As illustrated in Fig. 5b, the numerical
results predicted by the numerical model developed could
agree well with experimental data provided by Lu [31].

4 Results and discussions

In this section, we first discuss the effects of wave nonlinear-
ity on the seabed response, based on the second-order Stokes
wave theory. Second, we examine the influence of bottom
shear stresses with the ratio of amplitudes of shear stresses
to the dynamic wave pressures. Finally, a parametric study
is presented to examine the effects of wave and soil charac-
teristics on the seabed response.

4.1 Effects of wave nonlinearity

It is well known that the first-order linear wave is an approx-
imation of the periodic wave with small amplitude in deep
water. For the waves with large amplitude in shallow wa-
ter, the linear wave theory is inadequate to describe them.
The high order wave theory should be adopted. The valid
range for 1st to 5th order wave can be found in Ref. [32].
In this part, the effect of the nonlinearity of wave on the
seabed response under wave applying is checked for the
large wave propagating in relative shallow water, for exam-
ple H = 3.0 m,d = 10.0 m andT = 8.0 s.

The elevation of free surface of the linear wave and sec-
ond order wave, and the induced pressure acting on seabed
are examined first. Based on the numerical calculations, it
is found that the difference of wave height between the lin-
ear wave and the second-order wave is up to 18.5%; and the
difference of the induced pressure acting on seabed is about
5.2%. Obviously, the effect of nonlinearity of wave is signif-
icant for the large wave in shallow water.

Figures 6a and 6b illustrate the distribution of the
seabed response under linear wave and second-order wave.
As shown in the figure, for large wave in shallow water, the
linear wave theory underestimates the pore pressure in the



Effects of bottom shear stresses on the wave-induced dynamic response in a porous seabed: PORO–WSSI (shear) model 905

upper part of seabed, overestimates theσ′z in the middle part
of seabed, and underestimates theσ′x in the middle part of
seabed. However, the shear stressτxz in seabed is not af-

fected by the nonlinearity of wave. Overall, the effect of
nonlinearity for large wave in shallow water is significant.

Fig. 6 The distribution of the seabed response induced by wave and bottom shear stress under linear wave and the second-order stokes
wave (T = 8.0 s,d = 10 m,H = 3.0 m,G = 10 MPa,µ = 1/3, n = 0.3, Sr = 0.98). a Coarse sand;b Fine sand

4.2 Effect of the amplitude of the bottom shear stresses (τ0)

From the physical point of view, the bottom shear stress act-
ing on seabed attributes to the viscosity of sea water, and
the velocity gradient of sea water at the surface of seabed.
Generally, the boundary layer theory are widely adopted to
estimate the bottom shear stress. According to the boundary
layer theory, the greater the velocity gradient at the surface of
seabed, the greater the bottom shear stress acting on seabed.
To simplify the problem, we only use the linear wave theory
in this comparison. The dynamic wave pressure and bottom
shear stresses can be simplified as

pb(x, t) =
ρgH

2 cosh(kd)
cos(kx− ωt)

= p0 cos(kx− ωt),

τb(x, t) =

√
2β0ρνkH

2δ
cos
(
kx− ωt −

π

4

)
= τ0 cos

(
kx− ωt −

π

4

)
.

(47)

From Eq. (47), it is known that the bottom shear stress
is positively proportional to the velocity magnitude at the top
of boundary layer. For deep water, due to that the effect of
wave could basically disappear at the surface of seabed, and
the horizontal velocity of water particles in boundary layer
is nearly 0. Therefore, the bottom shear stress is negligi-
ble. However, in the shallow water, the effect of wave is
great on the surface of seabed, the horizontal velocity of wa-
ter particles in boundary layer is considerable. The friction
between the sea water and seabed can not be ignored. Ad-
ditionally, the current always co-exists with the ocean wave
in real ocean environment. The velocity of current generally

is much greater than the wave-induced water particles veloc-
ity. This current will make the horizontal velocity of water
particles in boundary layer increase greatly. It will further
result in the great increase of the bottom shear stress acting
on seabed. Unfortunately, little attempt has been made to
develop a theory to estimate the bottom shear stress consid-
ering effect of current on boundary layer, and the interaction
between the wave and current. Equation (47) does not con-
sider the effect of current. Therefore, the bottom shear stress
frequently is underestimated by Eq. (47) due to the existence
of current in ocean environment. The theory considering the
effect of current on boundary layer, and the interaction be-
tween the wave and current will be developed to accurately
determine the bottom shear stress acting on seabed based on
the boundary layer theory in the future.

To have a general understanding of the effects ofτ0, the
magnitude of the bottom shear stress acting on the seabed
(τ0) is temporarily assumed as 1%, 5%, 10%, 15% of the dy-
namic pressure acting on the seabed (p0). With the wave and
soil conditions given in the Table 1, we attempt to find out
the difference between the models with/without bottom shear
stresses. Figure 7 clearly demonstrates the considerable ef-
fects of bottom shear stresses on the wave-induced seabed
response. For example, if the bottom shear stresses are in-
cluded, the maximum value of effective stressesσ′z, σ

′
x and

τxz will become less than that without shear stresses (τ0 = 0)
in the upper section of seabed. However, the wave-induced
pore pressure will become greater in the whole seabed. For
theσ′z, the difference between two models is relatively small.
It is noted that if the bottom shear stress is considered, the
shear stress in the region near the surface of seabed is much
greater.
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The above numerical results (τ0/p0 = 10%) demon-
strate the considerable effects of the bottom shear stress on
the wave-induced seabed response. It is of interest to further
examine the influence of the bottom shear stress amplitudes
on the relative differences between two models.

As illustrated in Figs. 8 and 9, the greater the bot-
tom shear stress, the more significant the effect on the wave-
induced seabed response is observed. In addition, the inclu-
sion of bottom shear stress has the most significant effect on
theσ′x andτxz. For example, the maximum difference ofσ′x

Fig. 7 Vertical distributions of wave-induced seabed response ina coarse sand andb fine sand (T = 8.0 s,d = 20 m,G = 10 MPa,µ = 1/3,
Sr = 0.98,τ0/p0 = 10%)

Fig. 8 Vertical distributions of the relative differences of wave-induced seabed response in coarse sand for variousτ0/p0
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Fig. 9 Vertical distributions of the relative differences of wave-induced seabed response in fine sand for variousτ0/p0

andτxz can reach up to 10% and 4.5% ofp0 in coarse sand,
and 7.5% and 10% ofp0 in fine sand at the surface of seabed
whenτ0/p0 = 10%. On the other hand, the effects of bot-
tom shear stress onσ′z and pore pressurep are also visible
(around 5%–10% ofp0). Comparing the relative differences
shown in Figs. 8 and 9, it is found that the bottom shear stress
has more significant effect on theσ′x andτxz both in coarse
sand and fine sand. However, the effect on pore pressure and
σ′z are more significant in fine sand than coarse sand. It is
interesting to note that the effect of bottom shear stress on
theσ′x near the seabed surface in fine sand becomes less sig-
nificant when theτ0/p0 = 15% relative to situation in which
τ0/p0 = 10%. This unusual results need to be further inves-
tigated in the future to see if the seabed instability occurs or
not in the regions or other causes.

4.3 Parametric studies

4.3.1 Effects of wave characteristics

Basically, wave periods, water depths and wave heights are
three essential wave parameters. Since we consider linear
waves only, the effects of wave heights will be excluded as

the results are presented in the non-dimensional form with
p0. Therefore, we only examine the effects of wave periods
and water depths. Figure 10 presents the relative differences
of wave-induced pore pressure in coarse and fine sand for
various wave periods. As shown in the figures,the effect of
the bottom shear stress become more significant as the wave
period increases, especially in the region near the surface of
seabed in fine sand. In general, a long period wave has more
potential to generate more energy than a short one with the
same wave height and water depth. Therefore, the dynamic
pressure and the bottom shear stresses induced by a long pe-
riod wave are greater than those by a short one. This may
explain why the effect of bottom shear stresses induced by
long period wave is greater than those by a short one.

Figure 11 illustrates the relative difference of wave-
induced pore pressure for various water depths. The figure
clearly indicates that the effect of bottom shear stress on the
pore pressure increases as the water depth increases in both
coarse sand and fine sand. However, overall, the influence
of water depth on the pore pressure when the bottom shear
stress is considered is relatively insignificant, compared with
the wave periods.
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Fig. 10 Vertical distributions of the relative differences of wave-induced seabed response in coarse and fine sand for various wave periods.
a Coarse sand;b Fine sand

Fig. 11 Vertical distributions of the relative differences of wave-induced seabed response in coarse and fine sand for various water depth

4.3.2 Effects of soil characteristics

As report in the previous study [9], several soil proper-
ties significantly affect the evaluation of the wave-induced
seabed response, i.e., the degree of saturation, seabed thick-
ness and soil type. In this section, we will examine how these
soil properties affect the influences of bottom shear stresses
on the wave-induced seabed response variables. It has been
reported that the seabed soil is a porous medium consisting
of soil particles, pore water and trapped air bubbles [33,34].
It is also reported that the degree of saturation will signifi-
cantly affect the wave-induced oscillatory soil response [9].

The relative differences of the wave-induced pore pres-
sure in coarse and fine sand for various degrees of satura-
tions are illustrated in Fig. 12. It is found that the degree
of saturation has considerable effects on the wave-induced
pore pressure when the bottom shear stresses are considered,
especially in a fully saturated seabed. For example, the max-
imum relative difference could up to 7.5% ofp0.

It has been well known that a higher degree of satu-
ration of soil means there is more pore water occuping the

void in porous medium, which is beneficial to transmit the
dynamic pressure or other effect from surface to bottom of
seabed. Therefore, the effect of bottom shear stresses act-
ing on seabed is most significant in fully saturated sand, and
its effect will decrease as the degree of saturation decreases.
An obvious difference between coarse sand and fine sand is
the different permeabilities. For fine sand, the permeability
is relatively small. It is difficult for the dynamic pressure to
transmit from surface to bottom of seabed. Therefore, the ef-
fect of bottom shear stresses is more significant at the region
near the seabed surface.

The thickness of a seabed is an another important fac-
tor that affects the dynamic response of a porous seabed un-
der wave loading. Figure 13 shows that the effect of bottom
shear stress at the top of seabed is almost identical with var-
ious seabed thicknesses. Near the bottom of seabed, the ef-
fect of bottom shear stress is more significant for thin seabed.
Additionally, the effect of bottom shear stress is much more
significant at the region near the surface of seabed in fine
sand than in coarse sand.
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Fig. 12 Vertical distributions of the relative differences of wave-induced seabed response in coarse and fine sand for varisou degrees of
saturations.a Coarse sand;b Fine sand

Fig. 13 Vertical distributions of the relative differences of wave-induced seabed response in coarse and fine sand for various seabed
thicknesses.a Coarse sand;b Fine sand

5 Conclusions

In this study, the effects of bottom shear stress on the wave-
induced dynamic response of a porous seabed are examined.
The FEM model (SWANDYE-II) was adopted for the wave
loading and bottom shear stresses are included in the pre-
vious PORO-WSSI model and form PORO-WSSI (shear)
model. The numerical model has been verified with the ana-
lytical solution for the case without bottom shear stress, and
the experimental data obtained from wave flume test (the bot-
tom shear stress is included). Based on the numerical results
presented, the following conclusions can be drawn:

(1) Based on the numerical examples, it is found that effec-
tive stresses (σ′z andσ′x) and shear stress (τxz) will be
over-estimated if the bottom shear stress along the seabed
surface is ignored. On the other hand, the pore water
pressure will be under-estimated by the previous model

without bottom shear stresses.
(2) The maximum relative difference of seabed response pre-

dicted by the models with and without bottom shear
stresses could up of 10% for the conditionτ0/p0 = 15%.

(3) Among wave properties, the wave period has more sig-
nificant influences on the relative difference of seabed
response between the models with and without bottom
shear stresses.

(4) For soil properties, the degree of saturation has more in-
fluences on the relative difference, compared with seabed
thickness. In general, the relative differences of seabed
response are more significant in fine sand than in coarse
sand.

In this study, we only consider linear wave loading with
bottom shear stresses. For the non-linear wave loading with
structure or more complicated wave-seabed-structure inter-
action system, it will be further investigated in the future
study.
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